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Removal of Spurious Reflections from Computational Fluid
Dynamic Solutions with the Complex Cepstrum

Kristine R. Meadows* and Jay C. Hardint
NASA Langley Research Center, Hampton, Virginia 23665

The complex cepstrum is shown to remove spurious reflections from artificial boundaries in computational
fluid dynamic (CFD) solutions. First, the complex cepstrum theory is presented. A time sequence consisting of
a direct signal and reflections is analyzed theoretically with the complex cepstrum, and it is shown that the
direct signal uncontaminated by reflections may be recovered in the time domain. Next, the complex cepstrum
is applied to one- and three-dimensional CFD solutions, and spurious reflections from the boundary conditions
are removed. By eliminating spurious reflections introduced by artificial boundary conditions, the applicability
of CFD methods to aeroacoustic problems is enhanced greatly.

Introduction

C OMPUTATIONAL fluid dynamics (CFD) has been used
successfully in recent years to predict the aerodynamic

performance of aircraft. If the aeroacoustician wishes to take
full advantage of the computational tools available, then the
application of CFD technology to the prediction of acoustic
loads and noise radiation must be considered. There are ob-
stacles to be overcome, however, before current CFD meth-
ods may be applied to aeroacoustic problems. One such prob-
lem is development and implementation of appropriate
boundary conditions. Many problems of aeroacoustics are
physically posed in an essentially infinite domain. The noise
generated in a jet or helicopter, for instance, typically prop-
agates long distances before interaction with the ground or
other surfaces. However, the solution to this problem on a
computer must obviously be constrained within a finite region.
Artificial boundaries must be placed on the problem to make
it finite.

When artificial boundary conditions reflect acoustic or mean
flow information back into the solution domain, error and
numerical stability problems may be introduced. Even when
numerical stability is maintained, there are pathological cases
in which the computed flowfield in the presence of small
reflections is completely incorrect. Marginally stable flows
such as the initial formation region of a turbulent jet or the
transition region of a boundary layer, for instance, can be
dramatically altered by the introduction of sound waves.

To avoid these difficulties, artificial boundaries are typically
placed far enough away from the region of interest so that
reflections from the boundary conditions will not adversely
effect the solution. But this is done at the expense of computer
time required to obtain the solution in large computational
domains and is limited to short time solutions. Much research
has been devoted to the development of nonreflecting bound-
ary conditions.1 3 However, the success of such boundary
conditions seems to be limited. In fact, the development of
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perfectly nonreflecting local boundary conditions is not thought
possible for unsteady multidimensional flows.1

The work described in this paper focuses on a novel ap-
proach to the problem of reflecting boundary conditions. The
approach taken is to accept the fact that the boundary con-
ditions will reflect, but to remove the reflections from the
solution with a nonlinear digital signal processing technique
called the complex cepstrum. By eliminating spurious reflec-
tions induced by artificial boundary conditions, the applica-
bility of CFD methods to aeroacoustic problems is enhanced
greatly.

Cepstrum analysis was introduced by Bogert et al.4 in 1963
as a method for finding arrival times in composite signals and
was given further impetus in the publication by Oppenheim
et al.,5 which introduced the complex cepstrum. Cepstrum
analysis has been successfully applied to detect echoes in wind
tunnel, seismic, geophysical, and gear-noise data. The ben-
efits and limitations of applying the cepstrum method to ex-
perimental data are widely known. Childers et al.6 include an
exhaustive list of references on basic cepstrum theory and
applications. The theses by Perraud,7 Peardon,8 Tavakolli,9

and Meadows10 also contain reviews of cepstrum applications.
The application of cepstrum analysis techniques to numerical
solutions is the topic of this paper.

Theory of the Complex Cepstrum
The complex cepstrum is defined5 as the inverse Fourier

transform of the complex natural logarithm of the Fourier
transform of the time sequence x(t),

do; (1)

where ris the independent variable of the complex cepstrum,
and X(aj) is the Fourier transform of the time sequence x(t).

/////////////////////////////////////////////////////,

Fig. 1 Piston driving the velocity field in a duct.
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It should be noted that, in the computation of the complex
cepstrum, the first Fourier transform is followed by a nonlin-
ear logarithmic process. Therefore, the inverse Fourier trans-
form does not recover the original time domain. To avoid
confusion, Bogert named the recovered domain the quefrency
domain.4 The independent variable is then called the que-
frency. It is customary in the literature to use the units of
time for quefrency since the original units are recovered when
a Fourier transform is followed by the inverse Fourier transform.

The complex cepstrum preserves phase information be-
cause the logarithm is performed on the complex sequence
X(a)). Hence, inverse complex cepstrum operations allow the
original time signal to be recovered. This feature of the com-
plex cepstrum makes it attractive for use with CFD solutions.

There are difficulties in applying complex cepstrum anal-
ysis, but remedies to these difficulties are available in the
literature4"13 and will not be reproduced here. The interested
reader is referred to these papers for details.

Simple Model Problem
A simple example of a direct signal and single reflection

will be used to demonstrate that the source signal and re-
flection are additively combined after taking the natural log-
arithm. The time history of a signal with a single reflection is
modeled by the equation:

x(f) = s(t) + a0s(t ~ Q (2)

where s(f) is the original signal, and a0s(t - t0) is the reflec-
tion of the original signal. Note that s(t) in Eq. (2) may repre-
sent a signal propagating in a CFD solution. The reflection
a0s(t - t0) may represent the undesired reflection in the so-
lution due to the presence of an artificial boundary in the
computational domain. Although only a single reflection is
considered here, the analysis may be extended to multiple
reflections. Also note that the reflected signal(s) may overlap
the original signal.

Performing the operations defined in Eq. (1) on the time
history of Eq. (2) and using the infinite series expansion of
ln(l + a0e~iajt°), the complex cepstrum of source signal and
echo becomes,

CC(T) = C,(T) + 277 y (-l)"+w S(T - nQ (3)

where Cx(r) is the complex cepstrum of the original signal
s(i), and d(r —nt0) is the Dirac delta function. Thus, when
reflections are scaled, time-shifted versions of the source sig-
nal, they are represented by delta functions in the cepstrum.
This result suggests that, if the delta functions in the complex
cepstrum at t0 intervals are removed, and the inverse cepstrum
operations are performed, the recovered time history will be
that of the original signal without the reflection.

In typical numerical experiments, reflections are not per-
fectly scaled, time-shifted versions of the source signal, but
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Fig. 2 Time series at duct midpoint.
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Fig. 3 Complex cepstrum of exponentially damped time series.

are distorted by boundary conditions or numerical errors.
Thus, the reflections occur not as delta functions, but as peaks
with diminished amplitude and broader width. It is simple to
distinguish between the source signal and perfect reflections
in the cepstrum, but this distinction becomes more difficult
when the reflected signal is distorted. Therefore, in the work
presented in this paper, hard-wall boundary conditions will
be prescribed to reduce the distortion of the reflected signal.

Application of Cepstrum Theory
Consider plane sinusoidal wave propagation in a duct, as

illustrated in Fig. 1. A sine wave is continuously being gen-
erated by a piston at x = 0. This wave travels down the duct
and impinges upon the closed end at x = I where it is reflected
back into the duct and interacts with the waves being contin-
uously generated at the piston. The velocity field u(x, t) in
the duct is analytically determined by solving the wave equa-
tion with the appropriate boundary and initial conditions:

-« „<,<,. .<,
w(0,f) = V0sm(a)0t)

u(l, 0 = 0

w(*,0) = «r(>,0) =

(4a)

(4b)

where c0 is the speed of sound, V0 the maximum amplitude
of the disturbance, and a)0 the frequency of the disturbance.
To determine the velocity field in the duct, the wave equation
and boundary conditions are solved by using the Laplace
transformation, and the solution in the time domain is found
to be

(5)

where

i.) -

and the Heaviside function H[t - t0] is defined by

H[t ~ t0] = 0,
if t - t0 > 0
otherwise (6)

A graph of the velocity at the duct midpoint is presented
in Fig. 2. Graphical results presented are normalized by the
ambient speed of sound c0 and duct length /.

Note that the velocity in Fig. 2 is zero up to a normalized
time of 0.5, the time for the sine wave to reach the duct
midpoint. The velocity at the duct midpoint then oscillates
sinusoidally with frequency a>0 and amplitude V0 until a nor-
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Fig. 4 Complex cepstrum of the exponentially damped time series-
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Fig. 5 Recovered source signal.

malized time of 1.5, the time it takes the wave to travel to
the end of the duct, reflect, and return to the duct midpoint.
After this time, the amplitude of the sine wave depends on
the interactions of the sine waves being generated by the
piston and the sine waves reflecting from the duct ends.

Using the definition of the complex cepstrum and applying
it to the Fourier transform of the velocity field in the duct,
the complex cepstrum is written as

c f" /'^'T) = ) _ x ( ' » [ S ( < * ) e -

(1 _ e-w-,»*

= Cco(x, T)

(7)

where Cco is the complex cepstrum of the source signal and
the integral term contains the information that represents the
undesired reflections in the time history due to the presence
of the artificial boundary. Using the expansion of the loga-
rithm, interchanging the order of integration and summation,
and applying the definition of the Dirac delta function, Eqs.
(7) become

-S (8)

Thus, the complex cepstrum of the velocity in the duct is the
linear combination of the complex cepstrum of the velocity
field of the source signal and delta functions occurring at mul-
tiples of [2(1 - x)]/c0 and 211 c0 and alternating in sign. Note
that, because the distance between the boundary and the point
of computation is known, the quefrencies that represent un-

desired reflections in the solution are also known. Thus, one
may distinguish between reflections from real surfaces and
artificial boundaries and remove only the information cor-
responding to the latter of the two. This result suggests that,
if the delta functions in the complex cepstrum at [2(1 - x)}l
c0 and 211 c0 intervals are removed, and the inverse cepstrum
operations are performed, the recovered time history will be
that of the original signal without the reflection.

Complex Cepstrum Numerically Applied to
Analytical Solution

The complex cepstrum is computed numerically with sub-
routines available from the Institute of Electrical and Elec-
tronics Engineers.14 The time sequence of Fig. 2 is multiplied
by a decaying exponential function and 512 zeroes are ap-
pended to minimize aliasing. Exponential weighting and ap-
pending zeroes are two processes known to improve the com-
putation of the cepstrum and are discussed elsewhere.4 13 The
complex cepstrum is computed for the exponentially weighted
time sequence, and the results are presented in Fig. 3. The
smooth curve that oscillates at the source frequency co0 and
decays rapidly with quefrency is the portion of the complex
cepstrum carrying the information about the source signal.
The peaks in the cepstrum at quefrency multiples of r = n
correspond to the reflections in the original time sequence,
as predicted by the theoretical result of Eq. (8). This figure
shows how the information about the source sine wave is
distributed over a fairly broad quefrency range.

Because the information corresponding to the source signal
spans a wide quefrency range, the spikes in the cepstrum are
removed by a comb liftering process described in the litera-
ture.7"10 In the comb liftering process, only the information
at the quefrencies corresponding to the delay time of reflec-
tions from the artificial boundaries are removed. The complex
cepstrum of the exponentially weighted time series with re-
flections removed is illustrated in Fig. 4. This figure shows
that more of the information about the source signal is main-
tained and most of the peaks corresponding to reflections in
the time history are removed.
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Fig. 6 Time history of duct midpoint.
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Fig. 7 Complex cepstrum of time history.
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The inverse complex cepstrum corrected by multiplication
of the inverse exponential function is presented in Fig. 5. The
final result is accurate recovery of the source signal without
the contamination of the reflections. To quantify the differ-
ence between the source signal and the inverse cepstrum, the
mean squared error (MSE) is computed by the relation,

MSE = (9)

where n is the rath element of a discrete time sequence, s(n&t)
the time history of the source signal in an infinite domain,
s(nkt) the inverse cepstrum of the source signal with reflec-
tions, and TV the total number of points in the time history.
The MSE is found to be 2.3 x 10~3. Clearly, this error is
small enough to be negligible in most cases.

Application of the Cepstrum to a One-Dimensional
CFD Solution

A study of the application of the cepstrum technique to
plane wave propagation in an infinite duct is presented in this
section. The problem is modeled by solving the one-dimen-
sional Euler equations in a closed-ended duct because the
effects of the boundaries on the solution are to be removed
by the complex cepstrum. The strategy is to apply the very
simple hard-wall boundary condition and remove its effect on
the solution by the complex cepstrum. Although this may
seem unreasonable since the boundary is supposed to be non-
reflecting, imposing hard-wall boundary conditions is simple
and removing reflections from the cepstrum is easier when
there is no distortion of the reflected information caused by
nonreflecting boundary conditions.

The implicit upwind finite volume method is used to solve
the Euler equations. The upwind algorithm used in this paper
uses flux vector splitting and solves the Euler equations in
conservation form, as outlined in Anderson et al.15 The ge-
ometry of the modeled problem is identical to the one illus-
trated in Fig. 1, but the source at the left hand boundary is
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Fig. 8 Inverse cepstrum of time history—reflections removed.
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Fig. 9 Solution obtained by prescribing nonreflecting conditions.
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Fig. 10 Monopole source in a cubic computational domain.
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Fig. 11 Time history at a grid point midway between the source and
wall boundary.

modeled as an impulse. The small impulsive disturbance to
the flow is introduced to the initially quiescent duct at the
boundary at* = 0. By characteristic theory, for subsonic flow
there are two characteristic lines going into the flow domain
at the left hand boundary. According to Kreiss,16 this implies
that two conditions are prescribed along this boundary and
other flow variables are computed by the governing equations.
Therefore, at the source boundary, two conditions are ap-
plied. In this example, the normalized speed of sound c0 is
specified to be unity and the velocity of the source normalized
by the sound velocity is given by

77(0, 0 = | ̂  l f ts .^ ' ' 0 otherwise (10)

where A is_a small amplitude with a numerical value of 1 x
10 ~ 6 , and ~ts is the normalized pulse stop time taken to be
0.25. This small amplitude is chosen so that the results may
be compared to linear theory. Characteristic theory states that
there is one characteristic line going into the flow domain at
the right hand boundary. For a hard-walled boundary con-
dition, the condition prescribed is that u(f) = 0 for all t. All
other flow variables are derived from the governing equations.

Figure 6 presents the time history of Til A at the duct mid-
point. The solution is obtained using 501 grid points and a
time step of 0.0018. This numerical result decays in time as
a result of numerical damping. This damping is a benefit for
application of the cepstrum method because it smooths the
time history and broadens its spectrum. A better solution can
be obtained by decreasing the time step or increasing the
number of grid points in the solution.

The complex cepstrum of the time history is presented in
Fig. 7. Note that the peaks in the cepstrum are not distinct
for the solution obtained by the upwind method. The distor-
tion in the reflected signals have broadened the peaks cor-
responding to reflections. This does not complicate the proc-
ess of removing spikes in the cepstrum, however, because the
normalized time it takes a wave to travel from the duct mid-
point to the duct end and return is known.
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Fig. 12 Complex cepstrum of time history.
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Fig. 13 Comparison of the inverse complex cepstrum with reflections
removed and the results obtained by applying typical nonreflecting
boundary conditions.

The peaks corresponding to reflections are removed from
complex cepstrum by zeroing at all quefrencies < 0.7, and
the resulting inverse complex cepstrum is illustrated in Fig.
8. Note that reflections have been removed from the CFD
solution and the original is reproduced with little reflection.
Although the solution contains evidence of one of the reflec-
tions, most reflection information is eliminated. Also note
that the amplitude of the signal has been somewhat diminished
because some information has been lost in the filtering proc-
ess.

Although the theory requires that the reflected signal be a
time shifted, scaled version of the original for the cepstrum
method to be applied, these results show that, in practice,
reasonable results may be obtained in spite of slight distortion
caused by numerical methods.

The inverse complex cepstrum is compared to the upwind
CFD solution where nonreflecting boundary conditions are
applied. The exit boundary condition for this case is pre-
scribed as suggested by Schmidt and Jameson.17 The velocity
is extrapolated in time,

u" = 2un~l - u"~2 (lla)

and the pressure is computed from the expression

pn = (lib)
where the superscripts denote time level. The time history of
this CFD solution is presented in Fig. 9. This figure shows
that small reflections are still present in the solution, but the
solution is at least as good as that obtained by applying the
cepstrum to the upwind solution. In the one-dimensional case,
then, it is difficult to justify the use of the complex cepstrum
because good results are achieved by prescribing nonreflecting
boundary conditions, which are possible because all waves
are normally incident on the boundary. However, general
nonreflecting conditions are not available for multidimen-

sional flows. The application of the complex cepstrum to a
three-dimensional solution is the topic of the next section.

Application of the Cepstrum to a Three-Dimensional
CFD Solution

The next example of application of the complex cepstrum
method to CFD solutions shows the utility of the method in
multidimensional problems. A monopole source in infinite
space is modeled on the computer as a point source in a cubic
regiori of numerical space, as illustrated in Fig. 10. The con-
ditions prescribed on the boundaries of the numerical domain
are hard-wall conditions in which the velocity normal to the
boundary is zero. This boundary condition is simple to pre-
scribe, but will act as a surface and reflect the waves generated
at the monopole source back into the computational solution
domain. The cepstrum is used to remove the spurious reflec-
tions from the solution. The Euler equations are solved in
three-dimensional space with CFL3D, an upwind finite volume
computer program developed at NASA Langley Research
Center,18 which solves the time-dependent conservation law
form of the Euler equations in generalized coordinates. The
interested reader is referred to Thomas et al.18 and Anderson
et al.19 for details on the algorithm.

The problem is modeled as follows. A single source is lo-
cated in the center of a cube with edge lengths of 10 m. The
system is made dimensionless with a length equal to the dis-
tance a sound wave in air travels in 1 s (343 m), the velocity
of sound in air (taken to be 343 m/s), and the ambient density
of the medium (taken to be 1.14 kg/m3). A cubic grid is created
with 34 grid points in each direction. In order to resolve the
discontinuities of the expected TV wave, many more grid points
are required. However, the associated computational cost of
a finer grid was prohibitive and not believed necessary for
the purposes of this paper. All six boundary planes are pre-
scribed as hard-wall boundaries. The initially quiescent com-
putational domain is perturbed as mass is introduced to the
center cell of the cubic volume,

~t > I (12)

where pc is the normalized density at the center cell volume,
p0 the normalized ambient density (which is 1), ~ts the small
normalized time of 0.003, and A the amplitude of the density
perturbation, which is chosen to be a small value A = 1 x
10~3. The solution is advanced with a time step of 8 x 10~5.
The normalized pressure at the monopole surface is given by
PC = pjy since the normalized sound speed is 1. Thus, the
sound pressure level (SPL) of the source is given by

SPL = 20 log PC

Pret
= 128 dB (13)

where the normalized pressure at the source has been di-
mensionalized by the atmospheric pressure so that the stand-
ard reference pressure for air pref = 28 /uPa could be used in
the calculation.

Although results are obtained for each grid point in the
solution, only results at one location are presented here. Fig-
ure 11 shows the time history of the density perturbation at
a grid point approximately midway between the source and
one of the boundary planes. The features of the compression
and expansion are smoothed out as a result of numerical
dissipation. The dissipation could have been minimized with
a finer grid since numerical error is a function of the spatial
and temporal resolution, but the memory requirements for a
finer grid were prohibitive. The wave amplitude drops off
rapidly in time because of numerical dissipation and spreading
losses. The reflected wave is a scaled, somewhat distorted,
time shifted version of the original. Because the reflected
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wave is a result of a spherical wave bouncing off a set of plane
hard-wall boundaries, the reflected wave is not spherical.

Figure 12 shows the complex cepstrum of the time history
of Fig. 11. The spikes in the cepstrum are not distinguished
easily from the cepstrum of the source signal, but they are
removed by zeroing the cepstrum of all quefrencies > 0.018.
The heavy line in Fig. 13 shows the inverse cepstrum of the
time sequence with the reflection removed. The reflection has
been nearly completely eliminated, although some small os-
cillations still distort the time sequence. Some error would be
expected, however, because of the distortion in the reflected
signal. The cepstrum method appears to be applicable to wave
solutions when the reflected wave is distorted by the algorithm
and boundary conditions.

To compare the results to solutions obtained by prescribing
typical nonreflecting boundary conditions, CFL3D is run with
its standard extrapolation and inflow-outflow boundary con-
ditions. The results obtained for these two types of boundary
conditions are very similar, and so only the results from the
inflow-outflow boundary condition are presented with the
dashed line in Fig. 13. The results from this typical nonre-
flecting boundary condition case cannot be distinguished from
those obtained from the hard-wall condition, illustrating that
the nonreflecting conditions are reflecting information back
into the computational domain. Clearly, the results provided
by removing the reflections with the complex cepstrum are
far better than the results obtained by applying nonreflecting
boundary conditions. In fairness to the authors of CFL3D,
the standard boundary conditions available in the code are
developed primarily for use with steady problems, and the
code has the flexibility for users to incorporate specialized
boundary conditions. But the point that must be reiterated
here is that local, perfectly nonreflecting boundary conditions
for unsteady, multidimensional flows are not thought possi-
ble. Hence, using the cepstrum method as a postprocessor to
remove spurious reflections is a potential remedy to this dif-
ficult problem.

Concluding Remarks
It was shown that the complex cepstrum may be used to

remove spurious reflections introduced by artificial boundary
conditions in CFD solutions. The results obtained by applying
the complex cepstrum to a three-dimensional CFD solution
were superior to those obtained by imposing typical nonre-
flecting boundary conditions. Thus, the complex cepstrum
provides an alternative to the difficult task of developing non-
reflecting boundary conditions. Further research is required
before the complex cepstrum may be used routinely in con-
junction with CFD calculations. The limitations of applying
the method to solutions where the reflected signal is severely
distorted by long-time CFD solutions or nonreflecting bound-
ary conditions needs to be determined, and development of
more efficient techniques for applying the complex cepstrum
analysis procedure to CFD computations is required. Future
work will focus on the application of the complex cepstrum
internal to CFD computations, rather than as a postprocessor
to CFD solutions. The present work shows that the cepstrum
method may be applied to CFD solutions; it is quite possible
that other digital signal processing tools may also prove to be
useful to the numerical experimentalist.
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